we must consider an optimum receiver [7] . It was observed that the performance of nonlinear OFDM can be better than the performance of linear OFDM, even with reduced-complexity sub-optimum receivers [7] , [8] . Therefore, an important question arises: what is the achievable performance of nonlinear OFDM schemes with optimum receivers? In this paper we try to answer this question. For this purpose, we take advantage of the Gaussian-like nature of OFDM signals with a large number of subcarriers and present an analytical model for obtaining the minimum Euclidean distance between two nonlinearly distorted signals. This is then used to obtain the asymptotic gain of nonlinear OFDM schemes relatively to linear ones.
II. NONLINEARLY AMPLIFIED OFDM SIGNALS
In this section we are interested in characterizing nonlinearly amplified OFDM signals. We consider nonlinear devices that can be modeled as bandpass memoryless nonlinearities such as the ones of [15] . The input signal X = [X 0 X 1 ... X NM −1 ] T ∈ C NM is a frequency-domain vector with N data symbols, each one selected from a given constellation according to the transmitted data bits, plus (M − 1)N idle subcarriers at the edges of the useful band, where M denotes the oversampling factor. A time-domain version of X is x ∈ C NM , defined by
(in the following we will simply use F when there is no risk of ambiguity in the DFT size). Providing that the number of subcarriers is high, each element of x can be modeled with complex random variables since its real and imaginary parts are jointly Gaussian, uncorrelated and have the same standard deviation σ. The absolute values of the samples of
T ∈ R NM , can be regarded as a Rayleigh-distributed random process with the PDF of the n-th element given by
where u(R n ) denotes the unitary step function. The arguments of
The time-domain block x is amplified by a memoryless nonlinear device, leading to the output
T ∈ C NM , with y n (i.e., the n-th element) given by
where A(R) and Θ(R) are the AM-AM and AM-PM conversion functions of the nonlinearity, respectively. Different nonlinear devices will be considered in this paper. The simplest one is an ideal envelope clipping with clipping level s M , i.e., the AM-AM conversion function is given by
and the AM-PM characteristic is null (i.e., Θ(R) = 0). This model can correspond to a perfectly linearised amplifier (up to a given saturation level). The same clipping model is also relevant when clipping techniques are employed to reduce the envelope uctuations of OFDM signals, as in [5] , when perfectly balanced LINC transmitters (LInear amplification with Nonlinear Components) are employed [12] , [13] and with CEPB-OFDM (Constant-Envelope Paired-Bust OFDM) techniques [12] , [14] , [15] . A second model is the Travelling Wave Tube Amplifier (TWTA) [9] , which is characterized by the AM-AM conversion function
and the AM-PM conversion function
where s M is the input and output envelope at saturation and θ M is the corresponding phase rotation. A third model is the Solid-State Power Amplifier (SSPA) [11] , which is characterized by
and Θ(R) ≈ 0. The parameter p controls the smoothness between the linear region and the saturation, where the input and output envelope are both s M (clearly, p = +∞ corresponds to the ideal clipping of (4)).
III. THEORETICAL ASYMPTOTIC GAIN In the following we present an analytical method for obtaining the Euclidean distance between sequences differing in a single bit. Let us consider the frequency-domain data block, X (2) , that differs from X (1) in only one bit at the k 0 -th subcarrier and the corresponding time-domain blocks
, respectively. We can say that
where
can be regarded as an error term. For QPSK constellations with symbols X k = ±β ± jβ and considering N in-band subcarriers, we have
The time-domain version of this error term is ε
Since E k = 0 for all subcarriers except at k = k 0 , we have the n-th element of ε defined as
From (10), we can assume that φ n also has uniform distribution in [0, 2π]. Moreover, R n , θ n and φ n are assumed to be uncorrelated 2 . From (8), we have x (2) = x (1) +ε. Since typically the term ε is much lower than x (1) and, consequently, much lower than x (2) , we can say that
where R and θ are the random variables associated to the absolute value and phase of the samples of x (2) . Due to the circular nature of x (1) and ε, we can assume without loss of generality that θ = 0, leading to
This means that θ 12 = θ − θ is given by
where the approximation (a) is valid if R Δ. Similarly, the absolute value of the random variable associated to an element of x (2) is
As already mentioned, when the signals x (1) and x (2) are subjected to bandpass memoryless nonlinearities, the samples associated to the output can be written as in (3), leading to
and
Let us now express the nonlinearity in the Cartesian form as
Using a Taylor approximation, this definition allows us to expand f I (R+Δ cos(φ)) and f Q (R+Δ cos(φ)) around f I (R) and f Q (R) respectively, by
With this approximation, the nonlinearity output for x (2) is
For x (1) , we can write
To obtain the Euclidean distance between these two signals, we will start by evaluating the difference between them. We have y
Recalling that sin(θ 12 ) ≈ θ 12 and cos(θ 12 ) ≈ 1 for low values of θ 12 (say θ 12 1) and using (13), we have
which allows to rewrite (22) as
we have f I (R)Δ cos(φ) + jf Q (R)Δ cos(φ) =
= Δ cos(φ) A (R) cos(Θ(R)) − A(R) sin(Θ(R))Θ (R) +j A (R) sin(Θ(R)) + A(R) cos(Θ(R))Θ (R) = Δ cos(φ) A (R) exp(jΘ(R)) + jA(R) exp(jΘ(R)) Θ (R) .
(27) Using this result, (24) turns to
If we take the squared absolute value of (28), we may write
and the Euclidean distance is finally given by
where the approximation (b) is valid for N 1. After make some manipulations such as the separation of the double integral in two independent integrals with respect to φ and R, we can define the Euclidean distance between two nonlinearly distorted signals as
This distance can be used to obtain the asymptotic gain of the optimum receiver, given by
where E b denotes the average bit energy and can be theoretically estimated by
where p(R) is defined in (2) and β is the amplitude of the considered data symbols. From (31) and (33) we can obtain the achievable gain for nonlinear OFDM with a given bandpass memoryless nonlinear characteristic.
IV. PERFORMANCE RESULTS
In this section, several performance results considering the different nonlinearities characterized in Sec.II are shown. This performance evaluation will compare the results obtained by the expression derived in the previous section, with the one obtained by simulation. The OFDM signals have N data symbols selected from QPSK constellations. In all simulations, we assume that the original data sequences differ in only μ = 1 bits, since the minimum Euclidean distance is typically associated to sequences in these conditions [7] .
According to (31), to compute the Euclidean distance between two nonlinearly distorted signals, the first order derivatives of AM-AM and AM-PM conversion functions of the nonlinearity must be evaluated. Thus, if the nonlinear device is an ideal envelope clipping with clipping level s M (4), we have Θ (R) = 0 and
In Fig.1 we evaluate the accuracy of expression (32) (7), we have Θ (R) = 0 and
In Fig.2 it is shown the asymptotic gain of the optimum receiver when the transmitted signals (with a variable number of in-band subcarriers N ) are nonlinearly distorted by an SSPA with p = 2. From the figures (1 and 2), we point out that the theoretical expression is relative accurate, specially when a large number of in-band subcarriers is considered (for N = 1024, the error between the two expressions is around 0.1 dB). This is an expectable result since the error of the Taylor approximations made during the development of (31) are negligible when Δ R, something that happens when we increase N . As also expected, when s M /σ is high, the gain tends to 0 dB (i.e., D 2 = 4E b ), since the nonlinear distortion effects are weaker. On the other hand, when s M /σ is low, the stronger distortion effects mean also stronger gains. In Fig.3 the distortion is introduced by a SSPA with p = 1. Again, the results are very accurate considering bigger values of N . In the worst case, the error between the theoretical and the simulated minimum Euclidean distance is around 1.5 dB. Confirming the loss of accuracy for small values of N , we note that for N = 16, the gain can be lower than 0 (i.e., D 2 < 4E b ) which, in fact, only happens due to increased error in the considered Taylor approximations (i.e., Δ is not sufficiently high when compared to R). When a TWTA (5) is used to nonlinearly distort the OFDM signal, we now that the first derivative of its AM-AM conversion function is given by
while the derivative of the AM-PM function is
In Fig.4 the nonlinear distortion effects are introduced by a TWTA with θ M = π/6 (which means that the phase added to the original input signal at saturation is π/6 radians). Clearly, the accuracy of (32) is also high even considering nonlinearities where the AM-PM conversion function is not null or constant. The error when N = 1024 is around 0.1 dB. As expected, as N increases the accuracy also increase, which also happens in Fig.1 , where we consider the same nonlinearity but considering θ M = π/3. It is important to remark that the gain achievable by a TWTA is higher than the one achievable by the clipping or by the SSPA. Contrarily to these cases, the AM-AM conversion function of the TWTA approaches 0 as R goes to infinity, which leads to a lower average bit energy E b . Thus, for the same minimum Euclidean distance, there are stronger gains.
V. CONCLUSIONS
In this paper we consider the optimum detection of nonlinearly distorted OFDM signals. It is shown that optimum receivers present very high gains and their asymptotic performance can be better than the one of linear OFDM. Despite of the high complexity, the performance of these receivers can be estimated in the asymptotic region. In order to that, we derive an expression for the minimum Euclidean Distance that is sufficiently accurate to unveil the excellent performance of the optimum detection for nonlinear OFDM schemes.
